Abstract. In this paper, we prove that a natural candidate for a homogeneous norm on a graded Lie algebra of length 5 satisfies the triangle inequality which answers Moskowitz's question in [2] .
Introduction
In [1] , M. Moskowitz extended the classical theorem of Minkowski on lattice points and convex bodies in R n to simply connected nilpotent Lie groups G with a Q-structure whose Lie algebra g admits a length 2 grading. For this purpose, the author proved the triangle inequality for a certain natural homogeneous norm of the Lie algebra associated with the grading of length 2. Later, in [2] , the same author extended the homogeneous norms for which the triangle inequality holds to gradings of length 3 and 4. At the end of the paper [2] , the author demonstrated that the method of his proof cannot be carried on to the case of length 5, so it was left as an open problem. However, the arguments in the proof contains some errors. The inequalities (6) and (12) in the proof of Theorem 1 in [2] are not correct for length r = 2, 3, or 4.
In this paper, we claim that for the grading of lengths 3, 4 and 5, the homogeneous norms defined as in [2] satisfy the the triangle inequality. For the sake of conciseness, the complete proof will be provided only for the most complicated case, the case of length 5. The gradings of length 3 and 4 can be done with the same manner. Our proof is quite elementary. The main tools in our proof are only Hölder's inequality and Muirhead's inequality. We refer the reader to [3] for the latter inequality.
A Lie algebra g is said to be graded if there is a finite family of subspaces V 1 , . . . , V r with
The integer r is its length. For a graded Lie algebra g, we define, for t ∈ R × ,
Then α t is Lie algebra automorphism of g. Moreover, if g is a graded Lie algebra, then g must be nilpotent (see [1] and [2] ). As in [1] and [2] , we define a homogeneous norm on a graded Lie algebra g as a function · : g → R satisfying the following conditions.
(i) · ≥ 0 and is 0 only at 0.
(ii) X = −X for all X ∈ g.
(iii) α t (X) = |t| X for all t ∈ R and X ∈ g.
Any graded Lie algebra g possesses a natural candidate for a homogeneous norm as follows:
where · i is the Euclidean norm on each V i (we may suppress the subscript for norms). This norm satisfies properties (i) and (ii). However, the the homogeneity property (iii) holds if and only if r ≤ 2. In [1] , it was shown that the subadditivity property (iv) (or the triangle inequality) holds when r = 2. Our main result is that the triangle inequality holds for r = 3, 4 and 5.
Proof of the main theorem
We prove the main theorem for length r = 5 only and one will see that the similar arguments can be used to prove for length r = 3 and 4 with slightly modification but easier.
Proof of the main theorem:
By taking 10th powers, we need to prove that
Expanding both sides by using the binomial theorem, applying the Schwartz inequality to all norms, and canceling yield which, in fact, holds by Holder's inequality (with p = q = 2) since the largest coefficient dominates the others. We can see that this is obvious by taking v i = w i = 0 for all i = 1.
Remark. The above proof was done by using elementary tools including Hölder's inequality and Muirhead's inequality. We strongly believe that the proof can be extended to any length r ≥ 6 with the same manner. The crucial steps must be to match up all suitable terms from the left and the right of inequalities, so that Hölder's inequality and Muirhead's inequality can be used.
